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(Received 31 January 1997; In final form 18 September 1997) 

A two-stage transient statistical investigation of the Freedericksz transition in Nematic Liquid 
Crystals (NLC) is presented. After applying an external field that exceeds the Freedericksz 
critical value, the director of the NLC relaxes from its unstable equilibrium state with the effect 
of noise. The statistical properties of this transient process can be characterized by the First 
Passage Time (FPT). We separate the whole process into two stages with the time when the 
distribution function of the director has its variance equal to the variance of the steady-state 
distribution at  the critical point. The first stage is considered as an Ornstein-Uhlenbeck process 
and the second stage as a deterministic nonlinear transformation of the distribution function of 
the director. The explicit expression of the FPT distribution is analytically derived with this 
consideration. Monte Carlo simulations shown that the present theory describes the transient 
behavior of the NLC much better than the previous asymptotic approach. The mean, the 
variance and the skewness of our explicit FPT distribution function show excellent agreement 
with the numerical simulation. 

Keywords: Nematic liquid crystal; first passage time; Freedericksz transition; transient process 

1. INTRODUCTION 

Director reorientation of nematic liquid crystals (NLC) under the action 
of external fields (electric, magnetic or optical field) are studied quite 
extensively [ 1 - 31. However, most investigations on this effect are based on 
the deterministic theory. In fact, the effect of stochastic fluctuations, 
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2 PENG-YE WANG 

e.g. thermal noise, on the director of the liquid crystal molecule is not 
avoidable [l - 31. Therefore, the dynamics of Freedericksz transition in NLC 
is a typical decay process of an unstable equilibrium state affected by noise. 
The transient behavior of similar unstable equilibrium states has been 
investigated in various systems, such as lasers [4-81, super-radiance [9, lo], 
chemical reaction [ 1 1 ,  121, spinodal decomposition [ 13, 141, etc. First- 
Passage-Time (FPT) statistics is a powerful method to investigate these non- 
equilibrium systems. In the case of a random magnetic field, the transient 
dynamics of the Freedericksz transition were studied theoretically some time 
ago by Sagues et al. [15] where an asymptotic approximation to the FPT 
distribution was given following the procedure used by Haake et al. [16]. 

Since the classic FPT problem [ 171 has so far proved solvable only for the 
simplest random process, a good approach is important in deriving the 
distribution function. In our present statistical analysis of the Freedericksz 
transition a two-stage consideration is used. We divide the transient pro- 
cess into two stages by comparing the variance of the time-dependent 
distribution of the nematic director to that of the steady-state distribution 
at the Freedericksz critical point. Due to the fact that if the initial state is 
close to or above the critical point the noise in the path of the process is 
negligible, the first stage is considered as an Omstein-Uhlenbeck process 
while the second as a nonlinear deterministic transformation of the 
distribution function obtained in the first stage. Under the two-stage 
considerations the explicit expression of the FPT distribution function is 
obtained analytically. In the first stage, because the deformation of the 
nematic director is very small and therefore, far away from saturation, the 
process is well described by a linear Langevin equation of which the exact 
non-stationary (or time-dependent) distribution function can be obtained by 
analytically solving the corresponding Fokker-Planck equation [ 181. When 
the variance of the obtained distribution function, which is increasing with 
time, reaches the value of the variance of the steady-state distribution 
function at the critical point, the first stage finishes and the second stage 
starts. In the second stage because the initial distribution is as wide as the 
critical one and the effect of the random force in the decay process is 
sufficiently weak compared with the effect of the initial state, the transition 
of the system from its initial state can be described by using a deterministic 
transformation of the random initial conditions. Although the analysis is for 
the Freedericksz transition, the result turns out to be rather universal for 
similar stochastic systems with a cubic saturation. Comparing the present 
result and the asymptotic one [I51 with Monte Carlo simulations shows that 
the present theory is more appropriate in characterizing the NLC system, 
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FIRST PASSAGE OF NEMATICS 3 

The calculation of the mean, the variance and the skewness of the FPT with 
the present distribution function gives results in excellent agreement with the 
Monte Carlo data. 

The paper is organized as follows. The Langevin equation is given in Sec. 
11. The corresponding Fokker-Planck equation and its stationary solution 
are obtained. In Sec. I11 the FPT distribution function is approximated with 
a deterministic transformation of the random initial conditions, where the 
noise in the path is completely omitted. In Sec. IV we introduce the two- 
stage consideration and derive the FPT distribution function. In Sec. V 
some Monte Carlo results are given to verify the theory. For comparison, 
some data of the previous asymptotic theory are also given. Finally, Sec. VI 
contains the conclusions. 

2. NONLINEAR LANGEVIN EQUATION AND STATIONARY 
DISTRIBUTION FUNCTION 

With the deterministic considerations, the dynamics of the Freedericksz 
transition of the NLC can be described with the equation of motion of the 
director [I]: 

ae a2e 
at az2 

y- = k- + X a H 2  sine cod,  

where k is the elastic constant, xa is the anisotropy of the susceptibility, y is 
the coefficient of the viscosity, H i s  the magnetic field. 

Equation (1) is exactly valid for twist deformation and also valid for splay 
and bend deformations in the one-constant approximation [ 11. The expres- 
sion for magnetic field is given here. If one makes the substitution 

&,E2 1 
-+ TxaH2 

in Eq. ( 1 )  the expression for electric field can be easily obtained. 

external field does not greatly exceed the critical field 
Following the usual approximation [l -31, we assume that the maximum 
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4 PENG-YE WANG 

where d is the thickness of the NLC sample. In this case the angle of defor- 
mation of the director is small and sin0 cosd can be expanded in powers of 0. 
We have. therefore 

a0 a2e 
at  a=2 

~ - = k - + x , H  (3) 

With a rigid boundary condition, i.e. 0 = 0  at the surface of the NLC, to a 
good approximation, the solution of Eq. (3) can be taken as 

Substitution of Eq. (4) in Eq. (3) and multiplying Eq. (3) by cos(m/d)  and 
performing the integration over 2 ,  one obtains the equation for 0,(t) 

or, dropping the subscript m of O,(t)  for clarity 

1 d0 
dt 2 

= (h2 - I)0 - - h 2 0 3 ,  - 

or, for simplicity 

= A0 - B03, 
d0 
dt 
- 

where 

h- = - H 2  A = h 2 - I ,  B = - h  ' 2  
H f '  2 

(7) 

and the time t is normalized to 7 . ' .  
Because the NLC director is subjected to complicated random forces, 

termed noise, we introduce a stochastic term in Eq. (7) accounting for the 
random fluctuation of the system. This leads to a nonlinear Langevin 
equation: 

d0 
dl 
- = AO - 803 + (9) 
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FIRST PASSAGE OF NEMATICS 5 

wheref(t) is Langevin force assumed to be a Gaussian random variable with 
zero mean and 6 correlation function. The constant a describes the noise 
strength. We choose the following normalization: 

The analytical solution of the stochastic differential Eq. (9) can not be 
obtained. We can setup a Fokker-Planck equation [18] by which the 
probability density W(B) of the stochastic variable 0 can be calculated. In 
the Fokker-Planck equation, because the Langevin force is assumed to be 6- 
correlated and Gaussian distributed, the Kramers-Moyal coefficients vanish 
for n 2 3 and only the drift and diffusion coefficient enter: 

For the stationary distribution function of B we get the Fokker-Planck 
equation: 

Integrating Eq. (12) gives the distribution function: 

where C is an integration constant which can be determined by the 
normalization condition: 

Figure 1 shows the normalized distribution function (13) in the cases of the 
external field H below (h2 < l), at (h2 = 1) and above (h2 > 1) the critical field 
H,  of the Freedericksz transition, where we take u2= It can be seen 
that in the case of h2 5 1 the distribution function has only one maximum at 
B= 0 while in the case of h > 1 the distribution function has two maxima at 
B = stm which is consistent with the deterministic theory when a = 0. 
We can also see that the closer the field to H ,  the larger the uncertainty of 
the director, which means that the NLC molecules are most sensitive to 
noise disturbance at the Freedericksz critical point. 
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6 PENG-YE WANG 
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FIGURE 1 Distribution function of the angle of the NLC director in three cases: dashed 
curve: h2 = 0.9 (below critical point); solid curve: h2 = 1 .O (at critical point); dotted curve: h2 = I .  1 
(above critical point). 

3. APPROXIMATE FIRST-PASSAGE-TIME DISTRIBUTION 
FUNCTION GIVEN BY DETERMINISTIC TRANSFORMATION 
OF RANDOM INITIAL CONDITION 

Having obtained the explicit expression of the stationary distribution 
function W ( 0 )  we are now in a position to evaluate the FPT distribution 
function for a prescribed threshold which will give a statistical description of 
the transient (or turn-on) time of the NLC. If a step external field (with final 
value of h = H / H c )  is applied to the NLC the director will develop from an 
initial angle having a distribution function w ( e ) l h = h ,  where ho = H0/Hc and 
Ho is the initial value of the step field (the asymptotic result of the FPT 
distribution in Ref. [IS] is given only for ho=O). 

In this section we first neglect the effect of the noise in the transition 
duration (i.e. in the path). Based on this approximation, we derive the time 
dependence of the angle O ( t )  by integrating Eq. (9) omitting the Langevin 
force and with a sotchastic initial value. We get 
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FIRST PASSAGE OF NEMATICS 7 

where O(m) = fl is the final steady-state value of & t ) ,  and O(0) is the 
stochastic initial steady-state angle having the distribution function W(O(0)) 
with the initial field ho. From Eq. (1 3) we have 

w (,qo)) = Ce(~~AOe2(~)- f~0e4(0))  /aZ (16) 

where A0 = hi - 1 and BO = h i / 2 .  
As mentioned above, the FPT in the NLC system is defined as the time 

interval between the moment when the step external field is applied and the 
moment when the angle O ( t )  reaches a prescribed threshold value 6th for the 
first time. Let the threshold angle be 

6th  = bd( m), (17) 

where 0 < b < 1 because 0 < 6th < O(m). Substitution of Eq. (17) in Eq. (15) 
gives 

where tl is the FPT. 

distribution function of tl with the transformation relation: 
Since the distribution function of O(0) is known, we can derive the 

Combination of Eq. (16), Eq. (18) and Eq. (19) gives the distribution 
function of the FPT: 

In order to see the degree of approximation of Eq. (20), in Figure 2 we plot 
both the analytical result of Eq. (20) and the Monte Carlo data of the 
numerical simulation with Eq. (9). (Details of the numerical simulation will 
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8 PENG-YE WANG o’l*p---J 0.08 ::::m !: 

- 5 r j  0.10 ;;r/ 
0.04 I 0.04 

- 0.00 0.00 
c, 0 10 20 30 40 0 10 20 30 40 

i I 

- 
W 

0.05 
0.1 

0.00 0.0 
0 10 20 30 40 0 5 10 15 20 

t, 
FIGURE 2 Plot of the FPT distribution function (20) (solid curves) and Monte Carlo data 
(dots)forh2=1.2,a2=10-5,h2=0.1 and(a)hi  = O , ( b ) h ~ = 0 . 5 , ( c ) h ~  = I.Oand(d)hi = 1.01. 

be given later in Sec. V). It can be seen that when the initial field is very close 
to or above the critical value (i.e. ho M 1 or ho > l), Eq. (20) agrees well with 
the Monte Carlo result, while for the case when the initial field is below the 
critical value (usually ho= 0) deviation is apparent. 

4. TWO-STAGE CONSIDERATION FOR THE FPT 
DISTRIBUTION FUNCTION 

From Figure 2 we can see that when the initial field is below the critical 
value (usual case) the effect of noise in the path of the transient process can 
not be neglected. The fact that the noise in the path has little effect on the 
system if i t  starts from the critical state gives a clue that when the initial field 
is below the critical value the whole transient process can be divided into 
two stages by a moment to when the time-dependent distribution function of 
the director angle approaches the critical steady-state distribution function. 

In the first stage, because the deformation of the director is small, the 
saturation term B83 in Eq. (9) can be omitted with a good approximation. 
Therefore, Eq. (9) becomes 

d8 
- = A 8  + af(t), 
dt 
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FIRST PASSAGE OF NEMATICS 9 

which is a Ornstein-Uhlenbeck process with a linear drift coefficient and a 
constant diffusion coefficient. i.e. 

D(’) = A @  o(2) = a’ .  (22) 

The equation for the transition probability P(0, t ( B ’ ,  t ’ )  is then 

with the initial condition 

By making a Fourier transform with respect to 8 the solution of Eq. (23) is 
obtained: 

The general solution for the probability density with the initial distribution 
function W(O’, t ’ )  is then given by 

Omitting the saturation term, from Eq. (1 6) ,  we have the normalized initial 
distribution 

By inserting this expression and Eq. (25) in Eq. (26) we can perform the 
integration, obtaining 

where the initial time t ’  is taken as zero without loss of generality. This is 
a Gaussian distribution function with zero mean and the time-dependent 
variance 
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10 PENG-YE WANG 

A three-dimensional plot of Eq. (28) is shown in Figure 3 from which we 
can see that the distribution function widens rapidly as a function of time. 

As mentioned in Sec. I we assume that the first stage finishes at the 
moment when the variance oZ( t )  reaches the variance of the steady-state 
distribution at the Freedericksz critical point. Let the time be to at this 
moment. At the critical point we have H =  H,  and then hc= 1 ,  A,=O and 
B,= 1/2 (the subscript c stands for the critical point). Substituting these 
values into Eq. (13) we obtain the normalized critical steady-state distri- 
bution function 

and its variance 

where r(1/4) and r(3/4) are gamma functions [19]. 

FIGURE 3 Temporal evolution of the distribution function (28) of the director where hi = 0, 
h 2 = 2  and 0 2 =  
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FIRST PASSAGE OF NEMATICS 1 1  

Equalizing a2(t) in Eq. (29) and VOJ, in Eq. (31) for the time to, i.e. 

.2(to> = VOI,, (32)  

we obtain 

The final distribution function of the first stage is then obtained by replacing 
the time t with to in Eq. (28), i.e. 

Having obtained the final state of the first stage we are now in a position 
to consider the process of the second stage. Eq. (34) will act as the initial 
distribution function for e(to) in the second stage because the end of the first 
stage is just the beginning of the second stage. Since the variance of this 
initial distribution function is equal to that of the critical steady-state 
distribution, we suppose that the initial state for the second stage is not 
greatly different from the steady state at the critical point. From the result of 
Sec. I11 we have seen that in the case where the system starts from the critical 
point, the effect of noise in the path can be neglected and the FPT dis- 
tribution function can be derived using deterministic transformation of the 
random initial condition. Therefore, we can treat the second stage in the 
same way. From the deterministic relation Eq. (18), replacing e(0) with 6(to), 
we obtain 

where t ’, is the FPT for the second stage, i.e. the time interval between the 
time to and the moment when the variable O ( t )  reaches the prescribed 
threshold Oth for the first time. The toal FPT is then the sum of the first stage 
transient time to and the FPT of the second stage, i.e. 
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12 PENG-YE WANG 

With the same transformation relation of the distribution as Eq. (19), i.e. 

(37) 
W t O )  
nrl, ’ 

W ( t ’ , )  = “(6, t o )  ~ 

and, from Eq. (35) 

because 6(ta) > 0 and O(ta) < 0 are identical for the FPT if they have the same 
absolute value, we then have 

Substitution of Eq. (34), Eq. (35)  and (38) into Eq. 

(39) 

(39) gives 

A, ,A~  

2 a * B ( ( A - A 0 ) e ~ ~ ‘ o + A o )  

With Eq. (36) we finally obtain the FPT distribution function 

2 ~ 2 B ( ( A - A o ) e ~ ~ l o + A o )  

(41) 
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FIRST PASSAGE OF NEMATICS 13 

With this explicit expression of the distribution function, any average of the 
FPT can be obtained by integration easily. Detailed results will be discussed 
in the next section. 

5. COMPARISON WITH NUMERICAL SIMULATIONS 

In order to verify our analytical result, we have performed Monte Carlo 
simulations based on the original stochastic Eq. (9). From the Monte Carlo 
data it is possible to evaluate the FPT distribution function, the mean, the 
variance, and the skewness of the FPT, all of which can be compared with 
those calculated with the analytical expression (41). Some data of previous 
asymptotic results are also shown for comparison. 

We simulate the Langevin force on a computer, integrate the equation of 
motion with the simulated Langevin force and then take the average for 
a large number of realizations as much as 2 . 5 ~ 1 0 ~ .  The time step of the 
integration is taken as T = 0.01. With an initial value O(0) = O0 at t = 0 and the 
discrete time t, = n~ (n = 1,2,3. . .) the temporal evolution of the stochastic 
variable can be calculated according to the iteration relation 

where 8, = O(t,), D(') and are the drift and diffusion coefficient, respec- 
tively, given by Eq. (1 l), and t,, are independent Gaussian-distributed 
random variables with zero mean and with variance 2. 

The random variables <,, are obtained using the relation 

where r,  are random numbers in the range of OLr,< 1 generated in the 
computer and M is a large number which is taken as 10 in the simulation. 

In the simulation of the FPT distribution, for any given initial field we 
first determine the starting value of the transient process, i.e. the initial angle 
O(0) = do. Since this initial angle must satisfy the Langevin equation (9), we 
first use Eq. (42) with parameters corresponding to the initial field and with 
any small initial value, e.g. zero, to calculate to a long enough time for 
reaching the steady state. This steady-state angle which is a random variable 
is taken as the starting value for one realization. Then the final field which 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 2
0:

21
 2

0 
A

ug
us

t 2
01

2 



14 PENG-YE WANG 

exceeds the Freedericksz critical value is applied to the NLC inducing a 
sudden change of the parameters A and B in Eq. (9). With the new 
parameter values the temporal evolution of the angle O(t) is again calculated 
with Eq. (42) but with the initial angle just obtained. At the moment when 
6(r) first reaches the prescribed threshold the calculation for this realization 
terminates. The time interval between this moment and the moment when 
the final field is applied is recorded as the FPT. Repeating the realization for 
2 . 5 ~  lo5 times the distribution can be obtained. 

A typical FPT distribution function is shown in Figure 4 where the solid 
curve is obtained with Eq. (41). It can be seen that the analytical result 
agrees well with the Monte Carlo data. For comparison, the result of 
previous asymptotic analysis [I51 is also plotted with dashed curve showing 
appreciable deviation with the numerical simulation. 

With the FPT distribution function it is easy to calculate the mean M t l r  
( t l ) ,  the variance Vtlr((Atl)2),  and the skewness s t , ~ ( ( A t , ) ~ ) ,  where 
At,=t,-(t,). In order to give a more detailed comparison between our 
analytical result and the Monte Carlo data, we have plotted the mean, 
the variance, and the skewness of the FPT obtained both with the explicit 

0.4 

0.2 

0.0 

0 2 4 6 8 10 

t, 
FIGURE 4 A typical FPT distribution function where hi = 0, h2 = 2, a’ = lo-’ and b2= 0.1. 
Solid curve: analytical result of the present two-stage consideration; Dots: Monte Carlo data; 
Dashed curve: result of the asymptotic approximation. 
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FIRST PASSAGE OF NEMATICS 15 

1.4 

distribution function (41) and the numerical simulation versus the intensity 
of the initial field h i  in Figure 5. 

From Figure 5 we can see that the mean decreases with increasing initial 
intensity while the variance and the skewness almost keep constant. As we 
know from the analyses in Sec. I1 when the initial field is closer to the critical 
value the distribution of the initial angle is wider, which means that the 
transient process starts with a greater possibility from a larger angle and, 
therefore, inducing a shorter passage time in the first stage. For a lower 
initial field intensity, e.g. ho = 0, the transient process spends a longer time in 
the development of the width of the distribution of the angle, which induces 
a longer passage time in the first stage. Therefore, the effect of ho on the FPT 
is only in the first stage. This is also the reason why the variance and 
skewness of the FPT remain unchanged. From the two-stage analysis we can 

I I I I I I 

- (b) - 

6 

5 
4 s 4  

3 

2 

I I I I 

4 3 1.2 

1 .o 

3 

+.- 
m 2  

1 

0.0 0.2 0.4 0.6 0.8 1.0 

h2, 
FIGURE 5 
sity of the initial field hi,  where h2 = 2, a * = 
Dots: Monte Carlo data. 

(a) The mean, (b) the variance, and (c) the skewness of the FPT versus the inten- 
and b2 = 0.1. Solid curves: analytical results; 
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see that the first stage only gives a time duration for the Gaussian 
distribution function (28) to develop its variance to equal to the variance of 
the critical steady-state distribution. We should note that in the previous 
asymptotic approximation the effect of ho is omitted. 

Similar phenomenon can be found when we change the intensity of the 
random Langevin force. The mean is decreased with increasing a ’. We can 
see that equation (29) gives the variance c2(t) proportional to a 2  while in 
Eq. (31) the variance of the critical steady-state is proportional to a, 
which will induce a shorter time duration in the first stage because c2(t) 
increases faster with increasing a ’. 

All calculations indicate that our explicit FPT distribution function 
obtained with the two-stage approximation is in good agreement with the 
Monte Carlo simulation, while the asymptotic approaches show appreciable 
deviation. 

6. CONCLUDING REMARKS 

In this paper, we have analyzed the FPT distribution of the Freedericksz 
transition in NLC with a two-stage consideration. The first stage is 
considered as an Ornstein-Uhlenbeck process while the second stage as a 
nonlinear deterministic transformation of the distribution function obtained 
in the first stage. The explicit distribution function of FPT has been obtained 
analytically with this consideration. Comparisons of the distribution 
function, the mean, the variance and the skewness of the FPT of the 
analytical result with those of the Monte Carlo simulations show that the 
present two-stage consideration is an excellent approximation. Although 
our analysis is on the NLC system, the result turns out to be universal for a 
stochastic system with a cubic saturation and an additive Gaussian- 
distributed white noise as the Langevin force. 
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